Introduction
Quantum dots (QDs) are 3-dimensionally confined quantum structures [1] . They are entities of great interest for the development of new devices. Lasers with QDs embedded in the active layer are predicted to improve the characteristics of lasers, such as suppression of temperature dependence of the threshold current, a reduced threshold current density, and a reduced total threshold current [2] .
The use of QDs in nitride semiconductors is more effective, since the zero-dimensional electronic states in the QDs play an essential role for improving optical gain and threshold current characteristics, particularly in wide band-gap semiconductors [3] .
Nitride-based semiconductors GaN, AlN, and InN have been successfully applied in laser diodes thanks to their intrinsic material properties such as a direct transition band structure. The band gap energy ranges from 0.7 eV for InN and 3.4 eV for GaN to 6.2 eV for AlN [4] . By adding indium and aluminum to GaN, ternary alloys can be formed with wide bandgap ranges of from 0.7 to 6.2 eV, which can cover the spectral range from deep ultraviolet (UV) to infrared (IR) at room temperature [5, 6] .
In this paper, we analyze the optical gain and threshold performances of the In x Ga 1−x N/Al 0.2 Ga 0.8 N three-dimensional QD lasers based on the density matrix theory of semiconductor lasers with relaxation broadening [7] .
The optical gain and threshold current density represent the basic elements that must be optimized to produce a high performance quantum box laser and are also important elements in the comparison of three materialsbased nitride quantum dots (GaN/Al 0.2 Ga 0.8 N, In 0.3 Ga 0.7 N/Al 0.2 Ga 0.8 N, and In 0.5 Ga 0.5 N/Al 0.2 Ga 0.8 N).
Theoretical background
The behavior of semiconductor-based lasing heterostructures is characterized by optical gain and threshold current, which are very basic and important parameters.
Optical gain
The optical gain of the QD active region based on the density-matrix theory is calculated from the following relation [7] :
where f c and f v are the corresponding Fermi functions for electrons in the conduction and valence bands. E cv is a transition energy between the conduction band and valence band, R cv is the dipole moment, ω is the angular frequency of light, ε 0 and µ 0 are respectively the dielectric constant and permeability of the vacuum, τ in is the intraband relaxation time ( τ in = 0.1 ps), n r is the refractive index, and g cv is the density of states for the QD, given by [7] :
where L x , L y , and L z are the well widths along the x , y and z directions, respectively; δE is the delta function; and E cnml and E vnml are the quantized energy levels [8] .
In Eq.
(1), we have supposed that the electron and the hole in the quantum box are in equilibrium determined by quasi-Fermi levels E f c and E f v , respectively. E f c and E f v are related to the electron and hole densities injected into the quantum box as follows [7, 9] :
In the approach of Eqs. (1), (3a), and (3b), we have assumed the transition from the first conduction band to the first valence band (heavy hole band) because the density of states of the light hole band is smaller than that of the heavy hole band and its probability to occur is more significant than the other transitions.
Threshold current density
The threshold carrier density is calculated using the following equation [10] :
where α i is internal loss, a is differential gain, Γ is optical confinement factor, L c is cavity length, and N tr is transparency carrier density.
The threshold current density using threshold carrier density (N th ) is written as [7] :
where q is electron charge, η is the rate of the surface area of quantum boxes included in the whole area, n is the number of the layers of the quantum box array, and τ s is carrier life time.
Results and discussion
We present in this section the results of optical gain and threshold current density calculations on In x Ga 1−x N /Al 0.2 Ga 0.8 N QD devices, including a discussion of modal gain. It is assumed that the QD structure studied
Al 0.2 Ga 0.8 N barriers (Figure 1 ). Using a quantum box model we calculate QD quantized energy levels for conduction and valence bands, which are implemented in the model described below to calculate the optical gain. The different parameters used for calculation are gathered in Table 1 .
Al0.2Ga0.8N We also note on spectra of the quantum box that the gain increases with the decrease of the size of the QD: it is higher at L = 60Å compared to other lengths due to the increase of carrier density for population inversion in small-sized quantum boxes. On the other hand, when the size of the QD increases, the carriers in the box are distributed over useless levels and the separation between energy levels is not enough to obtain high gain.
We summarize the maximum gain and the peak transition energy observed in Figure 2 for an injected carrier density, N v = 3.10 19 cm −3 , at T = 300 K in Table 2 . Gain max (cm In Figure 3 the calculated material gain spectra for In x Ga 1−x N QD structures are shown for various indium compositions. An increment in the transition energies (which is between 1.8 and 3.6 eV) is seen with the decrease of indium content. The modal gain is also a fundamental characteristic for lasing action in heterostructures. It is obtained by multiplying optical gain by the confinement factor. When the modal gain overcomes the total loss, the lasing action takes place. It is expressed as g m = Γg where Γ is the optical confinement factor.
The variation of modal gain on current density values with different indium compositions for L = 60Å is shown in Figure 6 . From this figure we observe a parabolic increase for initial values of the current density but it saturates afterwards, indicating very small or negligible increase in modal gain with change in current density. We note also that the transparency current density J tr (intercept at gain = 0), which is the value at which the active layer neither absorbs nor amplifies the light at the lasing wavelength, decreases with the increase of the indium composition. Moreover, the slope of the gain versus current density plot decreases with the increasing of the indium composition.
For laser oscillation, the modal gain must equal the total losses α total . The laser oscillation condition is given as [11, 12, 13] :
The threshold current density J th that corresponds to the modal gain value that satisfies the oscillation condition can be obtained from the modal gain-current density plots [14, 15] . The variation of threshold current density on inverse cavity length for various values of indium composition (x) is shown in Figure 7 , assuming that
, and L c = 1.2 mm. It is clear from the graph that the threshold current density increases with increase in reciprocal cavity length as a result of proportional increase of mirror loss. From this figure, we can deduce the differential gain a, which measures the rate with which the optical gain increases as the current is increased, and the transparency current density, J tr . We summarize the results obtained in this work in Table 3 . From these curves and Table 3 , we can deduce that the optimum structure for In x Ga 1−x N-based QD lasers is In 0.5 Ga 0.5 N emitting at 628 nm. This choice is justified for two main reasons: the higher value of the optical gain, 19,575 cm −1 , and the minimum value of threshold current density of about 143.9 A/cm 2 per layer.
Conclusion
The calculation and analysis of laser optical gain and threshold current curves is a powerful technique for predicting the performance of any laser structure. In this work, we have investigated the optical gain characteristics of In 
